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Propositions as Types *

Philip Wadler

University of Edinburgh
wadler@inf.ed.ac.uk

Propositions as Types is a notion with many names and many
origins. It is closely related to the BHK Interpretation, a view of
logic developed by the intuitionists Brouwer, Heyting, and Kol-
mogorov in the 1930s. It is often referred to as the Curry-Howard
Isomorphism, referring to a correspondence observed by Curry in
1934 and refined by Howard in 1969 (though not published until
1980, in a Festschrift dedicated to Curry). Others draw attention
to significant contributions from de Bruijn’s Automath and Martin-
Lo6f’s Type Theory in the 1970s. Many variant names appear in the
literature, including Formulae as Types, Curry-Howard-de Bruijn
Correspondence, Brouwer’s Dictum, and others.
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BpiuucammMocCcTb

* Aaonso Yépu: AsmOaa-ncumncaenme

An unsolvable problem of elementary number theory
Bulletin the American Mathematical Society, May 1935

* Kypt I'éagean: PekypcuBHBIe QYHKIIN

Stephen Kleene, General recursive functions of natural numbers
Bulletin the American Mathematical Society, July 1935

* Aaan Teropuur: Mammunsl TelopuHra

On computable numbers, with an application to the Entscheidungsproblem
Proceedings of the London Mathematical Society, received 25 May 1936
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Hasun ['mnsoept (1928) — Entscheidungsproblem

* Hamtm aaroput™m, KOTOPBIN OBl ITPMHUMAA B Ka4eCTBe BXOAHBIX
AQHHBIX OIlVICaHVe AI000M ITPODAeMBI pa3pelmMOCTI
(c])opMaAbHoro sI3bIKA Y1 MaTEMaTNYeCKOI'O YTBEP>KACHUS S Ha DTOM
SI3BIKE), U TI0CAe KOHEYHOTO YlcAa I11aroB OCTaHaBAMUBAACI ObI U
BbldaBaa OAVIH V3 ABYX OTBETOB: «MCTUHa» UAN «A0>Kb», B
3aBMICMMOCTY OT TOTO, ICTMHHO AV AO>KHO yTBep>KAEHUE S.
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KyprI'énens (1931) — Teopema o HEnonHoTe

42. isAziom(z) < peanoAziom(z) V propAziom(z)V
quantor1Aziom(z) V quantor2Aziom(z) V reduAziom(z) V
setAziom(x)

T is an AXIOM.

43. immConseq(z,y,z) & y = imp(z,z) V Iv < z.isVar(v) A z = forall(v,y)
T is an IMMEDIATE CONSEQUENCE of ¢ and z.

44. isProofFigure(z) < (VO < n < length(z) .
isAziom(item(n,z)) V30 < p,g<n.
immConseq(item(n, z), item(p, x), item(q, :1:))) A
length(z) > 0
z is a PROOF FIGURE (a finite sequence of FORMULAE, each of which is either an
AXIOM or the IMMEDIATE CONSEQUENCE of two of the preceding ones).

45. proofFor(z,y) < isProofFigure(z) A item(length(z),z) =y
z is a PROOF for the FORMULA y.

46. provable(z) < 3y . proofFor(y, x)
T is a PROVABLE FORMULA. (provable(z) is the only one among the concepts 1-46 for
which we can not assert that it is primitive recursive).

A

«JTO BBICKA3bIBaHVeE He J0Ka3yeMO»
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MeTop mpucTanbHOro B3rJsja
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Anonzo Yépu (1935) — JIamOpma-ncuncnenne

AN UNSOLVABLE PROBLEM OF ELEMENTARY NUMBER
THEORY .

By Aronzo CHURCH.

The purpose of the present paper is to propose a definition of effective
calculability ®* which is thought to correspond satisfactorily to the somewhat
vague intuitive notion in terms of which problems of this class are often stated,

and to show, by means of an example, that not every problem of this class
is solvable.

— —

We introduce at once the following infinite list of abbreviations,

1— Aab- a(b):
R = Aab-a(a(b)),
38— xab-a(a(a(d))),

and so on, each positive integer in Arabic notation standing for a formula
of the form Aab-a(a(: - -a(d) - - )).

R —
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Anon3o Yépu (1935) — A-ucuncnenne

[L.M,N ::= x
| (Ax. N)
| (LM)

e — —

14






Kypr I'éneas (1906-1970)




Kypr I'énens (1936) — PekypcuBHble hyHKIMM

General recursive functions of natural numbers?).

Von
S. C. Kleene in Madison (Wis., U.S.A.).

The substitution

1) P(Zys oe0r Ta) = 0(%3 (Bys oo 0s D)y oo 05 Zm (B - - 02 Ty))s
and the ordinary recursion with respect to one variable
(2) @ (O’ Lgy ooy .’.C,,) — tp(x,, T zn)

Py T1 Ty oo Za) = 2(% @Y Ty o s Tn), Zgy o ooy Ty)s

where 0, 7,, ..., Zm, ¥, 7 are given functions of natural numbers, are
examples of the definition of a function ¢ by equations which provide a
step by step process for computing the value ¢(%,, ..., k,) for any
given set k,,...,k, of natural numbers. It is known that there are
other definitions of this sort, e. g. certain recursions with respect to two
or more variables simultaneously, which cannot be reduced to a succession
of substitutions and ordinary recursions®). Hence, a characterization of
the notion of recursive definition in general, which would include all
these cases, is desirable. A definition of general recursive function of
natural numbers was suggested by Herbrand to Gédel, and was used by
Gddel with an important modification in a series of lectures at Princeton
in 1934. In this paper we offer several observations on general recursive
functions, using essentially Godel’s form of the definition.
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Anan Teropunr (1936) — Maimnbl ThroprHra

ON COMPUTABLE NUMBERS, WITH AN APPLICATION TO
THE ENTSCHEIDUNGSPROBLEM

By A. M. TuriInG.
[Received 28 May, 1936.—Read 12 November, 1936.]

The “computable” numbers may be described briefly as the real
numbers whose expressions as a decimal are calculable by finite means.
T —— A

In §§9. 10 I give some arguments with the intention of showing that the
computable numbers include all numbers which could naturally be
regarded as computable. In particular, I show that certain large classes
of numbers are computable. They include, for instance, the real parts of
all algebraic numbers, the real parts of the zeros of the Bessel functions.
the numbers 7, ¢, etc. The computable numbers do not, however, include
all cefinable numbers, and an example is given of a definable number
which is not computable.
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Kypr I'éaean, 28

Aaau Teropunr, 23 Aaonso Yeépuy, 33 Kypr I'éaean, 30
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["'epxapn I'ennien (1935) — EcTecTBEeHHBIN BLIBOJI
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["'epxapn I'ennien (1935) — EcTecTBEeHHBIN BLIBOJI

A"
B A— B A
(— 1 (— E)
A— B B
A B A& B A& B
(&I &El) (&Er)
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Jloka3aTeabCTBO

B & A7 B & A7
(&Er) (&El)
A B
(&)
A& B
(— I7)

(B& A) — (A& B)

L ——— N ———
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YnpolleHue [oKa3aTeabCTB

[4]”’
B
(— 1Y)
A— B A S E)
p >
4B
(&I)
A& B
(&Ey)
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YnpoileHue [oKa3areibCTBa

B & A7 B & A7

. (&E,) - (&IE&EZ)
A& B BlY A"
(— I7) (&I)
(B& A) — (A& B) B& A

(— E)
A& B
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YnpoileHue [oKa3areibCTBa

B & A7 B & A7

. (&E,) - (&IE&EZ)
A& B B]Y  [A]*
(— T%) (&I)
(B& A) — (A& B) B& A
(— E)
A& B
4
[B]Y A & Bl [A)° &)
B& A

B& A
—— L (E,) (&R
B
(&1)
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YnpoileHue [oKa3areibCTBa

B & A7 B & A7

. (&E,) - (&IE&EZ)
A& B B]Y  [A]*
(— T%) (&I)
(B& A) — (A& B) B& A
(— E)
A& B
4
[B]Y A Bl [A)°
(&1) (&]1)
B& A B& A
— (&E;)  —— (&E)
A B
(&I)
A& B
4
Al® [B)Y




Agonzo Yépu (1903-1995)




Anonzo Yeépua (1940) — TunmmsnpoBanHOe A-MCUNCIICHNE

o AlF
N : B L:A— B M:A
> 1Y) (— E)
M. N:A— B L M:B
M:A N:B L:A& B L:A& B
&H; (&E;)
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[Iporpamma

z: B& Al z: B & A7
(&Er) (&El)
snd z : A fst z : B

(&)

(snd z,fst 2): A& B

(= T%)
Az. (snd z,fst 2) : (B& A) — (A & B)
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Bberaucienue nporpaMmm

[m:.A]“’
. N:A— B MA(>E)
(M. N) M : B = N{M/xz}: B
M::A N;B
(&T)
(M,N): A& B
&Eq)




AnaH Teropunr (1942)

AN EARLY PROCF OF NORMALIZATION
BY A.M. TURING

R.0. Gandy

Mathematical Institute, 24-29 St. Giles,
Oxford 0X1 3LB, UK

Dedicated to H.B. Curry on the occasion of his 80th birthday

In the extract printed below, Turing shows that every
formula of Church's simple type theory has a normal form.
The extract is the first page of an unpublished (and incomgete)
typescript entitled 'Some theorems about Church's system'.
(Turing left his manuscripts to me; they are deposited in the
library of King's College, Cambridge). An account of this
system was published by Church in 'A formulation of the simple
theory of types' (J. Symbolic Logic 5 (1940), pp. 56-68).

e ———————————————
—‘

55




BbruynciieHue nporpaMmabl

[z : B& A)? [z : B& A)?
snd z : A fst z: B
(&1)
(snd z,fst 2) : A& B ly: BlY |z:A]*
(— I7) (&)
Az. (snd z,fst 2) : (B& A) — (A& B) (y,x): B& A

(= E)
(Az. (snd z,fst 2)) (y,x) : A& B




BbruynciieHue nporpaMmabl

[z : B& A)? [z : B& A)?
snd z : A fst z: B
(&1)
(snd z,fst 2) : A& B ly: BlY |z:A]*
(— I7) (&)
Az. (snd z,fst 2) : (B& A) — (A& B) (y,z): B& A

> B

(Az. (snd z,fst 2)) (y,x) : A& B ( )
4

y: BlY o AP y: BlY |z A
(&) (&)

(v, (y,xz): B& A

fst (y,x) : B

r): B
nd (y,z) : A

(&)
(snd (y,x),fst (y,x)) : A& B




BbruynciieHue nporpaMmabl

[z : B& A)? [z : B& A)?
snd z : A fst z: B
(&1)
(snd z,fst 2) : A& B ly: BlY |z:A]*
(— I7) (&)
Az. (snd z,fst 2) : (B& A) — (A& B) (y,z): B& A

> B

(Az. (snd z,fst 2)) (y,x) : A& B ( )
4

y: BlY o AP y: BlY |z A
(&) (&)

(v, (y,xz): B& A

fst (y,x) : B

r): B
nd (y,z) : A

(&)
(snd (y,x),fst (y,x)) : A& B

|
[z A" [y BJY

&
(x,y): A& B (D)
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Xackenn Kappu (1900-1982) Bunbsim I'oBapp (1926-)
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["oBapp (1930) — Beicka3biBanust Kak TurbI

THE FORMULAE-AS-TYPES NOTION OF CONSTRUCTION

W. A. Howard

Department of Mathematics, University of
Illinois at Chieago Cirele, Chicago, Illinois 60680, U.S.A.

Dedicated to H. B. Curry on the occasion of his 80th birthday.

The following consists of notes which were privately circu-
lated in 1969. Since they have been referred to a few times in
the literature, it seems worth while to publish them. They have
been rearranged for easier reading, and some inessential correc-

tions have been made.

T —
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CootBercTBue Kappu-I oBappaa

BBICKA3bIBAHMA —  TUIIBI
AOKazaTeAbCTBa — IMPOTPaMMBI

yiipomeHmne A0Ka3daTeabCTB —  BbIUMCAE€HNE IIPOI'paMM
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CootBercTBue Kappu-1 oBapja

EcrecTBeHHbIN BBIBO4 < TunmsmuposaHHOe A-McUyicaeHue

[enrien (1935) Uépu (1940)

Cxembl THIIOB < Cucrema tunnos ML
Xunaaau (1969) Muasnep (1975)

CucremaF < Iloammopdnoe A-ucuancaenue
Kupap (1972) Pevtnoabac (1974)

MoaaabHast a0oTMKa < MoHagabl (cOcTOsIHME, ICKAIOYEeHIIS)
Avrouc (1910) Kaericau (1965), Morru (1987)

Teopema I'épeasi-I'ennieHa o gAu3bIOHKIIMM < KoHTHMHYarm
['éaean (1932), 'enrten(1935) Peitroanac (1972)
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O yHKIMOHAJIBHBIE S3bIKM IPOrPaMMUPOBAHUS

« Lisp (Makkaptu, 1958)

+ ISWIM (AsuamH, 1966)

# Scheme (Ctua u Caccman, 1970)

“ ML (Mnuauep u ap., 1973)

« Haskell (Xyaaxk, [1etiton A>xonc, Bagaep, 1987)
“ Hrlang (Apmcrponr, Bupaunr, Buassmc, 1987)
“ OCaml (Aepor, 1996)

* Scala (Oaepckn, 2003)

> F# (Caitm, 2005)
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IToka3biBaTenu TeopeM (T heorem provers)

« Automath (ae bpéitn, 1970)

+ ML /LCF (Muauep u ap., 1973)

« Type Theory (Maptun Aéd, 1975)

« Mizar (Tpubyaek, 1975)

= NuPrl (Koucreba, 1985)

« HOL (I'opaon u Meaxam, 1988)

« Coq (Xp10 1 Kokan, 1988)

« Isabelle (IToacon, 1993)

= Hpigram (MakOpaiig u Makknunta, 2004)
» Agda (Hopeaa, 2005)
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3akinroueHune: dPunocous
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[TpuseT, KocMoc!
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